Abstract. Our aim is to characterize, via an ergodic condition, the norm convergence lim n→∞ T n Q = 0 when T is a power-bounded operator on a Hilbert space and Q commutes with T. We shall also prove that if f ∈ A + (T) and Q = f (T ), the given condition is equivalent to the vanishing of f on the peripheral spectrum of T.
Introduction
Let us consider a complex Banach space X and let T be a power-bounded operator on X , i.e. sup n≥1 T n < ∞ holds. Then it is a simple matter to give a characterization of the norm stability of T (that is, lim n→∞ T n = 0) via the spectral radius formula. However, it is more interesting to give necessary and sufficient conditions for the uniform convergence lim n→∞ T n Q = 0 with some bounded operator Q, as this is far from trivial. The case Q = T − I, which is of great importance because of its role in the uniform zero-two law (cf. [13] ) and its connection with the Gelfand-Hille theorem (see [22] ), was first essentially characterized by J. Esterle [8] . This result was later found independently and generalized by Y. Katznelson and L. Tzafriri. The celebrated Katznelson-Tzafriri theorem asserts that if T is a power-bounded operator acting on a Banach space X and if f (z) = ∞ k=0 a k z k is a power series with absolutely convergent coefficients, which is of spectral synthesis with respect to the peripheral spectrum of T, then lim n→∞ T n f (T ) = 0 (see [13] ). In the Hilbert space setting a richer functional calculus can be defined for contractions due to von Neumann's inequality. It was proved in [9] that if f is an element of the disk algebra, then f vanishes on the peripheral spectrum of T if and only if lim n→∞ T n f (T ) = 0. On the other hand, contractions even admit an H ∞ calculus on the unit disk. Let T be a completely nonunitary contraction on a Hilbert space and let f be a bounded holomorphic function on the unit disk. Then the convergence lim n→∞ T n f (T ) = 0 holds if lim r→1 f (re iθ ) = 0 for every e iθ 3764 Z. LÉKA in the peripheral spectrum of T. However, an example shows that the converse implication is not true (see [4] ). Later, many extensions of the above results were proved in the discrete case as well as in the continuous one. For details, see [3] , [10] , [15] , [17] , [18] , [21] and related survey articles [1] , [6] .
In this paper we shall prove that the assumption made in the Katznelson-Tzafriri theorem can be weakened in Hilbert spaces, and we shall provide a complete characterization of the condition lim n→∞ T n Q = 0 whenever Q commutes with T. We note that all former extensions of the Katznelson-Tzafriri theorem are related to bounded functional calculi of T or elements of the Banach algebra generated by T.
The proof shall partly follow Vũ's method ( [20] , [21] ); that is, we will first verify convergence in the strong operator topology by reducing the problem to isometries. After that we shall complete the proof using some aspects of an ultrapower approach.
Preliminaries and the main result
Let L(X ) be the algebra of all bounded linear operators on a Banach space X . Let σ(T ) stand for the spectrum of T ∈ L(X ) and let I be the identity operator on X . Next, let A + (T) denote the set of sums of power series on the unit circle T whose coefficients are absolutely convergent. Then, for each power-bounded operator T , a bounded functional calculus naturally arises which is defined by
Our main result will now be presented. 
First we prove a lemma which leads us to the ergodic condition of the above theorem.
Lemma 2.2. Let T be a power-bounded operator on a complex Banach space X and let
Proof. Taking the Taylor expansion f (z) = ∞ m=0 a m z m of f and changing the order of summation, we have
Next, pick an ε > 0. Let us choose an index M ∈ N such that ∞ m=M |a m | ≤ ε. Then we may infer that (with denoting the symmetric difference of two sets)
provided n is sufficiently large, where
Since ε was arbitrarily chosen, the lemma is proved.
The uniform ergodic theorem tells us that 
Corollary 2.3. Let T be a power-bounded operator on a Banach space X and f ∈ A + (T). Then, for each λ ∈ σ(T ) ∩ T, f (λ) = 0 if and only if lim
In the following lemma we shall prove the theorem for an arbitrary isometry. Recall that Douglas's extension theorem ( [7] ) states that any isometry V on a Banach space X can be extended to a surjective isometry on a larger space. This result had already been well known in the Hilbert space setting (cf. [12] ). Later, C.J.K. Batty and S. Yeates gave a different construction in [2] which preserves the structure of the original space in most cases (for instance, when X is a Hilbert space or superreflexive). In addition, their construction makes it possible to define an extension of the commutant of V ; they have shown that there exists a unital isometric algebra homomorphism from the commutant of V into the commutant of its surjective extension [2, Proposition 3.5]. Then, under this homomorphism, the spectrum of an element of the commutant contains the spectrum of its image. (The reader should see [5] for a similar construction in the Hilbert space case.) Below we shall make use of these results.
Lemma 2.4. Let V be an isometry on a Hilbert space H. Suppose that Q ∈ L(H)
Proof. Applying the extension theorem of Batty and Yeates, throughout the proof we can assume, without loss of generality, that V is unitary. It can be easily seen that V Q * = Q * V ; hence the C * -algebra A generated by V and QQ * is commutative. Let Σ stand for the Gelfand spectrum of A and let Let us assume that the nonnegative function QQ * ∈ C(Σ) takes its maximum q 0 at h 0 ∈ Σ. Choosing λ 0 := V (h 0 ), we obtain for any n ∈ N that
This means that q 0 = 0 must hold, so QQ * (h) = 0 for every h ∈ Σ. Hence σ(QQ * ) = {0} and QQ * = 0. This readily implies that Q = 0.
Let J be an infinite set and let U be a free ultrafilter on J. Now consider the Banach spaces ∞ (J, X ) of all bounded functions from J to X , and c 0 (J, X ; U) of all bounded functions from J to X which converge to zero through the ultrafilter. The quotient space ∞ (J, X )/c 0 (J, X ; U) is an ultrapower of the Banach space X , which we will denote by X U . Recall that if X is a Hilbert space, then X U is also a Hilbert space. In fact, the parallelogram identity is preserved under taking ultrapower, and the polarization identity tells us that the inner product on X U is given by
wherex,ȳ denote the equivalence classes of {x n } n and {y n } n in X U .
For each T ∈ L(X ), the ultrapower T U of T is defined by the formula
Note that the mapping T → T U is an isometric unital algebra homomorphism from
Proof of Theorem 2.1. The implication (ii) =⇒ (i) is evident. To prove (i) =⇒ (ii), let us introduce a new semi-inner product on H by
where m denotes a Banach limit. Forming the quotient space and its completion result in a Hilbert space H T , where T acts as a V isometry. If X denotes the canonical embedding of H into H T , we obtain that V X = XT. In addition, the intertwining transformation X naturally induces a contractive unital algebra homomorphism between the commutants of T and V. That is, if A is in {T } , the commutant of T, then there exists a unique operator B ∈ {V } such that XA = BX and B ≤ A . It can also be shown that the mapping 
